I. Introduction
The transverse emittance of a particle beam can be reduced by means of a transverse energy gradient produced in a tapered energy-loss foil and manipulation of the dispersion characteristics of the succeeding beam-transport system. In spite of the multiple Coulomb scattering in the foil, the area in one transverse phase plane can be substantially reduced, provided that the incident beam is sufficiently mono-energetic. In the case of negligible multiple scattering, the total six-dimensional phase-space volume occupied by the beam is not changed by this process.
II. The Method of Reducing Transverse Emittance
IIA. The Effect of a Tapered Energy-Loss Foil.
Consider the effect of a tapered energy-loss foil on the phase-space distributions of a particle beam.
The geometry is illustrated in Figure 1 , and the phase-space distributions in The significant change in seen in the x,s phasespace distribution (Figure 3 ), where the output ellipse has been severely skewed, because the particles at x = +cx have lost no momentum, and those at x = -ax have lost 2AF. It is convenient to renormalize the momentum scale to the new momentum of the central particle, as shown in Figure 3b . We see then that the effect of the tapered energy-loss foil is to produce dispersion in the particle beam --i.e., a linear relationship between momentum and average x-position. (Figure 3a) . and that the new x-intercept xo is X = axap/6 (4) We note that the x-intercept has been reduced by the ratio X /a = ap16 p /AF for AF>> p (5) This also is the ratio by which the x-emittance has been reduced (if multiple scattering can be neglected), as we shall show.
IIB. Realization of Emittance Reduction, Dispersion
Matching The magnitude of the dispersion nF created by the tapered energy-loss foil is nF(SF) = x(6)/6 = OxAF/ (6) ax/AF for &F >> ap
The results are upright ellipses of half width xo, as shown in Figure 5 . Since the half heights at sl, a0F and 6, are the same as at SF, we see that the x,x' phase area has been reduced by the factor ap/6, given in equation (5).
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The slope of this dispersion function (n'F) is zero --i.e., there is no correlation between momentum deviation 6 and the slope x'(s) at the point SF .
To exhibit the emittance reduction produced by the tapered energy-loss foil, the dispersion n must be removed, whilch can be done with a grea variety of beam-transport arrangements. A simple, one-dimensional example is shown in Figure 4 . 
Because the x-transformation depends on 6, the x,x' phase area is not preserved.
(a) ( r) hence, the longitudinal phase area, has been increased by the factor 6/ap, the same ratio by which the x-transverse emittance has been reduced. Since in this case the y,y' phase area is not changed (except for multiple-scattering effects, which here are being neglected), we see that the total six-dimensional phase volume is unchanged by this tapered energy-loss foil arrangement. The transverse phase area has been reduced at the expense of increasing the longitudinal phase area. It is apparent that the arrangement shown in Figure 4 can operate in the reverse direction. That is, the energy spread in a beam can be reduced by the factor ap/1 at the expense of increasing the x-emittance by the same ratio through the use of a tapered energy-loss foil in 
